We compute the index for the conifold gauge theory from type IIB supergravity (superstring) on AdS 5 × T 1,1 . We discuss its implication from the gauge theory viewpoint.
Introduction
Given a tremendous diversity of the "landscape" of quantum field theories, the classification of conformal field theories (CFTs) is important because they are located at the special points of the "landscape": they are (attractive) IR fixed points a la Wilson. A key element of such a classification is invariants of CFTs under marginal deformations. In [1] , it was argued that the index for the four-dimensional superconformal field theories (SCFTs) on S 3 × R plays such a role. Moreover it was discussed that all the information of these invariants are encoded 2 in the (twisted) Witten index on S 3 × R [2, 1] I W (t, y) = Tr(−1) F e −β∆ t 2(E+j 2 ) y 2j 1 ,
where E is the energy (or conformal dimension via conformal mapping from S 3 × R to R 4 ) and j 1 , j 2 denote the spin quantum number corresponding to the rotation around S 3 whose isometry is SU(2) 1 × SU(2) 2 . The regularizing factor ∆ is given by the anti-commutator of a specific supercharge 3
which should be positive definite from the unitarity. Here we denote r as the U(1) R symmetry of the N = 1 superconformal algebra SU(2, 2|1) [3, 4] (see appendix A).
The index does not depend on any continuous parameters of the theory and is invariant under any (marginal) deformations of the SCFT unless it breaks the superconformal invariance. The only contribution to the index comes from the states with ∆ = 0 due to the Bose-Fermi cancellation. As an immediate consequence, the index does not depend on β.
By maximally using the fact that the index is independent of the coupling constant, the computation of the index for N = 4 SYM theory and its orbifold descendants has been done in [1, 5] . These theories are connected to free gauge theories by a marginal deformation, so the index can be computed in the free gauge theory limit, which simplifies the practical computation.
It is interesting to compute the index for other SCFTs which are not connected to a free gauge theory by a marginal deformation. In this paper, we will compute the index for a gauge theory living on N D3-branes placed at the conifold singularity (abbreviated as the "conifold gauge theory") [6] . The theory has a conformal fixed point with nonzero anomalous dimension of chiral operators. Since the theory is intrinsically strongly coupled, the computation of the index seems hard.
This gauge theory has a dual gravity description as type IIB superstring theory on AdS 5 × T 1,1 [6] . Thus we can compute the index for strongly coupled gauge theory from the AdS-CFT correspondence [7] at least in the large N limit by taking weakly coupled gravity limit. In this paper, we first compute the index for the conifold gauge theory from the Kaluza-Klein (KK) reduction of type IIB supergravity on AdS 5 × T 1,1 . The KK reduction was thoroughly studied in [8, 9] (see also [10, 11] ), and we will use their results to compute the index. Our result is the first nontrivial example of the index for strongly coupled gauge theories that are not connected to free gauge theories by a marginal deformation. We also compare the result with the gauge theory side by showing operator correspondence discussed in [8] .
The organization of the paper is as follows. In section 2, we compute the index for the conifold gauge theory from the dual AdS 5 × T 1,1 description. In section 3, we interpret our results from the gauge theory side. In section 4, we present the summary and related discussions. In appendices, we summarize several technical facts used in the main text. In appendix A, we present the superconformal algebra SU(2, 2|1). In appendix B, we summarize relevant unitary representations of SU(2, 2|1). In appendix C, we summarize the KK reduction of type IIB supergravity on AdS 5 × T 1,1 .
2 Index for Supergravity on AdS 5 × T 1,1
In this paper, we study the index for the superconformal field theory living on N D3-branes placed at the conifold singularity that is defined as a curve
The singular point where we put D-branes is z 1 = z 2 = z 3 = z 4 = 0. The conifold admits a Calabi-Yau cone metric
where ds 2 T 1,1 is the Sasaki-Einstein metric for the homogeneous coset space called T 1,1
If we take the near horizon geometry of the N D3-brane placed at the conifold singularity, we obtain AdS 5 × T 1,1 geometry with N units of background flux. 4 According to the AdS-CFT correspondence, the superconformal field theory realized on these D3-branes is dual to type IIB supergravity on AdS 5 × T 1,1 . We would like to compute the index for the conifold gauge theory from the KK reduction of type IIB supergravity on AdS 5 ×T 1,1 . Our motivation to begin with the gravity side is that the dual gauge theory is not connected to a free gauge theory under marginal deformations unlike the case discussed in [1, 5] . As a consequence the gauge theory is intrinsically strongly coupled and difficult to study directly. In the supergravity side, on the other hand, we can take the weakly coupled limit, which enables us to compute the index in a straightforward manner.
It should be noted, however, that the index computed from the supergravity in general cannot be free from information of the dual gauge theory for the following reasons
• Given a mass of the KK-mode, there is an ambiguity to assign AdS energy E [12] .
This happens e.g. for scalar with mass in the range
There is no canonical way to choose one particular branch. 5
• Inclusion (or exclusion) of the singleton/doubleton representation should be fixed by hand. This, in part, corresponds to a freedom to include (or exclude) decoupled U(1) degrees of freedom of the gauge theory. We will return to this problem in section 3.
With these remarks in mind, let us compute the index
5)
for the conifold gauge theory. We first begin with the single particle index
where Tr sp is taken over all single particle KK states on AdS 5 ×T 1,1 . The direct KK reduction of type IIB supergravity on AdS 5 ×T 1,1 was almost completed in [8, 9] , where some multiplets (involving vector-spinor harmonics) are correctly guessed by filling the multiplets from the superconformal algebra.
The KK modes are labeled by three quantum numbers (s, l, r) corresponding to the isometry of T 1,1 SU(2) × SU(2) × U(1). We will identify this U(1) symmetry as the Rsymmetry of the superconformal algebra. For general values of (s, l, r), the KK states are in the long multiplet and do not contribute to the index. As discussed in the introduction, the only contribution to the index comes from ∆ = E − 3 2 r − 2j 2 = 0 states. They are either LH-chiral multiplets or LH-semi-long multiplets as reviewed in appendix B. We summarize the KK reduction of type IIB supergravity on AdS 5 × T 1,1 and the BPS states contributing to the index in appendix C.
Collecting all the BPS states contributing to the index from table 4-12 except for Betti multiplets, we have
where we have included some singleton representations as was done in [1, 5] . We need some explanations of several factors here. First of all 1 (1−yt 3 )(1−y −1 t 3 ) comes from the SU(2, 2) descendants obtained by acting P −+ and P ++ to the BPS saturating SU(2, 2) primary states ∆ 0 = E 0 − 3 2 r 0 −2j 20 = 0. −1 in the first line of the parenthesis is to subtract the contribution from the identity operator in the gauge theory side which appears in k = 0 Vector Multiplet III. 6 The second t 6 in the parenthesis comes from the fact that the SU(2, 2) descendants for Gravitino Multiplet I at k = 0 has a BPS saturated null vector at level 1 (corresponding to the Dirac equation in the gauge theory side).
The final expression (2.7) is remarkable and we can now exponentiate it to obtain multiparticle contributions to the index as
We now supplement additional states contributing to the index. Their existence is related to nontrivial homology of T 1,1 (b 2 = b 3 = 1), and they are called Betti multiplets. In our case, they are formally obtained from massless (k = 0) Vector Multiplet I from RR 4-form with one AdS 5 index and three T 1,1 indices (as harmonic 3-form on T 1,1 ). It is singlet under SU(2) × SU(2) × U(1) and identified with the conserved baryon current multiplet (see the next section for a gauge theory interpretation). There is another massless scalar from type III Vector Multiplet, where we naively expect semi-long multiplets but the KK expansion gives complementary chiral multiplets [8, 9] . The massless scalar is related to the 2-form wrapped on the non-trivial 2-cycle (as a harmonic form) of T 1,1 , which yields the second modulus of the theory. It seems that these two contributions to the index cancel with each other.
We also note that in the above discussion, we have not included the contribution to the index from asymptotically AdS 5 BPS black hole excitations. It has been conjectured that these contributions to the index will cancel out in the large N limit [1] and indeed they do in the N = 4 SYM theory and its orbifold descendants. We expect that similar things happen in our case as well.
Before moving on to the gauge theory discussion, we would like to consider some generalizations of the index. Combining it with the internal symmetry of the gauge theory under consideration, we can further twist the index to obtain more information about the SCFT. For instance, the index for the conifold gauge theory can be further twisted by internal flavor symmetries SU(2) × SU(2) which commute with the superconformal algebra. Defining
and repeating the computation of the index, we obtain
. (2.10)
Yet another possible twist is the discrete symmetry discussed in [6] , which exists at particular points of the moduli space with zero background Kalb-Ramond B field as we have implicitly assumed so far. We combine z 4 → −z 4 symmetry with a worldsheet parity Ω(−1) F so that it is non R-symmetry (and hence commutes with ∆). In the gauge theory side, it corresponds to the exchange of two SU(N) gauge group together with the charge conjugation (N,N ) → (N, N). 7 The invariant single particle index is given by
(2.11)
In this expression, the Betti multiplet is naturally projected out because they are odd under this discrete symmetry. In the last two terms, we find a single-particle index from the diagonal (decoupled) U(1) vector multiplet as expected. The multi-particle index may also be computed from this expression. 8 
Toward the Gauge Theory Computation
Now let us move on to the gauge theory interpretation of the index derived in the last section. The gauge theory living on N D3-branes at the conifold singularity is described by U(N) × U(N) gauge theory coupled to two chiral superfields A i in the (N,N) bifundamental representation and two chiral superfields B i in the (N, N) bifundamental representation [6] . The global symmetry is
The theory has a (nonrenormalizable) superpotential
and accordingly the chiral multiplets A i and B j have 1/2 unit of R-charge that is identified with the superconformal R-charge at the IR fixed point. Under the renormalization group flow, one combination of the U(1) vector multiplet becomes IR free and the other diagonal U(1) vector multiplet decouples from the beginning. In order to obtain correct AdS-CFT correspondence, we have to remove the IR free U(1) vector multiplet from the gauge theory side. 9 Under the state operator mapping, the index
on S 3 × R counts a class of BPS operators with ∆ = 0 inserted at the origin of R 4 . To compute (3.2), we first begin with the single-trace operators in the gauge theory side, which 7 The combination of the two is necessary in order to keep the superpotential invariant. 8 We should note that the multi-particle contribution is not obtained by simply exponentiating (2.11). For instance, two-particle states from two single-particle states with odd parity should not be projected out. 9 The removal of the IR free U (1) vector multiplet is crucial while the removal of the other decoupled U (1) part is rather arbitrary. The former will appear as baryon number global symmetry. The latter degree of freedom is related to the singleton representation in the gravity side, and we will include it for a cosmetic appearance of the index as has been done in [1, 5] .
correspond to single particle states in the gravity side. Actually, in [8] , all the single-particle BPS states from the KK reduction on AdS 5 × T 1,1 are identified with the single-trace BPS operators in the gauge theory. Concentrating on the SU(2, 2|1) primary states, we have the following map:
• Tr(W α e VWα e −V (AB) k ): semi-long multiplets from Graviton Multiplet Here the gauge indices are contracted in a covariant way, and all the SU(2) × SU(2) indices of A and B are separately symmetrized to obtain the maximum SU(2) spin. 10 We also note that the above expressions of the operators are rather schematic ones that are valid only for tree level action, 11 and we have to take into account operator mixing and nonperturbative corrections to the chiral ring relation in the full interacting theory.
In addition to these multiplets, we also have a baryon number (super)current which is a conserved multiplet
where SU(2) indices are contracted antisymmetrically so that B is SU(2) × SU(2) singlet.
In the gravity side, it corresponds to the Betti multiplet (formally massless multiplets from k = 0 Vector Multiplet I) [8] . All the perturbative states are not charged under this baryonic current. As a nonperturbative object, the wrapped D-brane around nontrivial 3-cycle in T 1,1 has the baryonic charge and is known as a giant graviton [13] . The corresponding operator is a dibaryon operator
which has a conformal dimension 3N 4 consistent with the energy of wrapped D-brane. However, these operators do not appear in the large N limit, and as a consequence, we have not included them in the index computed in the last section.
Finally, we have yet another massless scalar from harmonic two-form A ab on T 1,1 as a consequence of nonzero Betti number of T 1,1 . This corresponds to a exactly marginal deformation of the Lagrangian that breaks the symmetry under g 1 ↔ g 2 .
In this way, we have a gauge theory interpretation of all the single particle KK states of type IIB supergravity on AdS 5 × T 1,1 contributing to the index as single-trace operators. Then we can construct multi-trace operators from these single-trace operators and we expect that the index obtained in the last section is fully recovered (albeit operator mixing can be treated properly).
However, this complete operator correspondence suggests that even the BPS partition function
gives the identical answer in the gauge theory side ("weakly coupled limit") and in the supergravity side ("strongly coupled limit"). From the superconformal symmetry alone, we cannot expect such an agreement because in principle additional pairs of BPS multiplets can appear/disappear as a decay/merge of long multiplets. For example, it was shown that the BPS partition function of N = 4 SYM at zero coupling is different from the BPS partition function of type IIB supergravity on AdS 5 × S 5 .
It was observed in [1] that weakly coupled 1/8 BPS partition function of the N = 4 SYM theory is identical to the 1/8 BPS partition function of type IIB supergravity on AdS 5 × S 5 although the zero coupling partition function gives a different result. This should be understood as a kind of dynamical protection of BPS states and it essentially means that the only relevant deformation of the BPS sector is the deformation of the chiral ring, and drastic structure changes such as a decay or merge of long multiplets only occur in the zero coupling limit.
The deformation of the chiral ring structure is summarized by the generalized Konishi anomaly equation [14, 15, 16] :
in its simplest form. These relations are believed to be exact operator identities in the full quantum theory. 12 There are several ways to read this equation in the context of chiral ring, but one interpretation of this equation is that the F-term equation ∂ i W =D 2Φ i ∼ 0 (leading to the classical chiral ring) is modified by the quantum corrections. One should note that if the superpotential W contains as many fields as we have in the action, the chiral ring of the classical gauge theory is modified but the number of the independent elements is the same. If, on the other hand, W contains less field, it is possible that the generalized Konishi anomaly equation truncates independent elements of the chiral ring.
For instance, let us consider the SQCD with no superpotential. Then the classical chiral primary operator TrW α W α now becomes a descendant field because the Konishi anomaly equation readsD
(3.7)
The fact that TrW α W α is not a chiral primary operator can also be checked by a perturbative computation of the anomalous dimension revealing E > 3 [17] . 13 In the case of the conifold gauge theory, we do not encounter this problem as long as we are in a generic place of the moduli space. Finally, we would like to comment on the total moduli space of the exactly marginal deformation for the conifold gauge theory. From Leigh-Strassler like argument [18] , we expect two (complex) dimensional moduli space of exactly marginal deformations, one of which corresponds to dilaton-axion expectation value in type IIB supergravity and the other corresponds to harmonic two-forms on T 1,1 [6] . Since the index does not change under the exactly marginal deformation, our results can also be regarded as the index for such deformed theories. The following particular limits are interesting:
• We can turn off the superpotential term (3.1). In this limit, the BPS partition function clearly jumps as is the case with N = 4 SYM theory in the zero coupling limit discussed above. The index, however, is expected to be unchanged.
• We can take the zero gauge coupling limit for one of the SU(N) gauge groups. If we further turn off the superpotential term, we will obtain the index for N = 1 SQCD with N f = 2N c flavors known as the Seiberg fixed points (plus noninteracting SU(N) SYM theory).
Although these statements are a direct consequence of the general property of the index, they seem highly nontrivial and worthwhile checking independently.
Summary and Discussion
In this paper, we computed the index for the conifold gauge theory from the KK reduction of type IIB supergravity on AdS 5 × T 1,1 with some hindsight from the dual gauge theory. As discussed in the introduction, the index is the unique quantity invariant under any marginal deformations of the theory, and it should capture the information of the structure of the SCFT in four-dimension. It would be, thus, interesting to find a way to extract some quantitative features of the SCFTs from the index. For a preliminary discussion on this direction, let us compare the indices for several different SCFTs so far computed. The N = 4 SYM theory with U(N) gauge group has the index [1]
The N = 2 Z k orbifold quiver gauge theory with U(N) k gauge groups has the index [5] 
In our paper, we have shown that the index for the conifold gauge theory is given by
Note that the conifold gauge theory is obtained from Z 2 orbifold theory by adding mass terms to adjoint chiral superfields. These indices may be rewritten in a more concise and suggestive way by using the Dedekind eta function η = t 1/24 ∞ n=1 (1 − t n ). From these expressions, we first observe that the y dependence is similar and simple in all three cases. 14 Furthermore, it is quite curious to know the reason why we can rewrite the whole expression in such a compact form. The appearance of the infinite product structure suggests as if there existed fundamental oscillator-like building blocks (with both statistics) to generate BPS operators, whose origin might be understood from the supergravity side.
One interesting question is the connection between the central charge a = c and the index. The two quantity has similar properties: they are invariant under any marginal deformations of the SCFT [19] , and according to [1] , such a quantity is essentially unique. We then expect a Cardy-like formula connecting these two. From the supergravity dual viewpoint, the central charge is identified with the inverse of the volume of the Sasaki-Einstein manifold [10] which governs the asymptotic growth of the KK states that somehow must be reflected in the asymptotic form of the index. 15 Another interesting issue is the 1/N ∼ g s correction to the index. The index does not depend on λ ∼ α ′ but nontrivially depend on N. From the gauge theory side, the correction is obviously due to trace relations and baryonic operators, but from the gravity side, the correction seems nontrivial. They are nonperturbative ∆I W = O(t N ) contributions coming from the 'stringy exclusion principle' and/or 'giant gravitons' (wrapped D-branes). It would be interesting to study these points further in detail.
In the context of the systematic classification of SCFT from the index, especially in view of the AdS-CFT correspondence, a generalization to more complicated Sasaki-Einstein manifold (Y p,q [20] , L p,q,r [21, 22] etc) is an intriguing and challenging problem. The eigenvalue problem of the scalar Laplacian has been studied in [23, 24] and chiral primary operators of the dual gauge theories are discussed in [25, 26] in comparison with the spectrum of massless particle in the dual geometry.
We hope to return to these interesting questions in near future.
Scientists.
A Superconformal algebra SU (2, 2|1)
Relevant (anti-)commutation relations of the superconformal algebra SU(2, 2|1) for our discussion are
where upper dotted spinor indices denote SU(2) 2 fundamental representation and un-dotted spinor indices denote SU(2) 1 fundamental representation.
B Representation of SU (2, 2|1)
In this appendix, we summarize the classification of unitary representations of the superconformal algebra SU(2, 2|1) [3] (see appendix B of [27] for a review). The representation of the superconformal algebra SU(2, 2|1) is naturally decomposed into a highest weight representation of its bosonic subalgebra SU(2, 2) ≃ SO(4, 2) (conformal algebra) and U(1) r (R-symmetry). Accordingly, the highest weight representation of SU(2, 2|1) is classified by four quantum numbers D(E 0 , j 1 , j 2 ; r). The unitary representation of SU(2, 2|1) with generic quantum number E 0 , j 1 , j 2 , r consists of a long multiplet with 16 SU(2, 2) highest weight representation. However, if one of the following combination of the quantum number vanishes, the representation becomes short. where, following [27] , we have introduced the false-function: N(x) = 1 for x = 0 and N(0) = 0. The multiplet shortening structure is summarized in table 1, which is borrowed from [27] with corrections.
What is relevant for computing the index for SCFT on S 3 × R is which (short) multiplet contributes to the index. Recalling that the states contributing to the index satisfies ∆ = E − 2j 2 − 2 3 r = 0, we find chiral LH-multiplets with quantum number D(E 0 , j, 0; r) with r = 2 3 E 0 and LH-semi-long multiplet D(E 0 , j 1 , j 2 ; r) with r = 2 3 (E 0 − 2j 2 − 2) (together with their specific SU(2, 2) descendants) will contribute to the index. The structure of these short multiplets contributing to the index are presented in table 2 and 3. Let us now consider the contribution to the index from SU(2, 2) descendants obtained by acting P αα to SU(2, 2) primaries. It is clear only P ±+ will generate descendants contributing to the index by acting on SU(2, 2) primaries with vanishing ∆. However, there is a possibility that SU(2, 2) descendants show a multiplet shortening [28] . In this case, we have to subtract contributions from their null vectors. This happens when (a)
In the main text, we have encountered the condition (b) interpreted as the Dirac equation of the gaugino.
Level SU(2, 2) representation Multiplicity 0 D(E 0 , j 1 , j 2 ; r) 1 1
D(E 0 + 1 2 , j 1 + 1 2 , j 2 ; r − 1) n (+) 1 When the unitarity bound is saturated or j 1 j 2 = 0, multiplet shortening occurs as shown in the table. Table 3 : LH-semi-long multiplet D(E 0 , j 1 , j 2 ; r) with r = 2 3 (E 0 − 2j 2 − 2). The representation with ♦ (in the level one of the table) contributes to the index. When j 1 = 0, further shortening occurs.
C KK reduction on AdS 5 × T 1,1
In this appendix, we summarize the KK spectrum of type IIB supergravity on AdS 5 × T 1,1 [8, 9] . The eigenvalue of the scalar Laplacian H 0 (s, l, r) on T 1,1 is given by H 0 (s, l, r) = 6 s(s + 1) + l(l + 1) − r 2 8 ,
where s and l denote the spin quantum numbers of SU(2) × SU(2) isometries of T 1,1 and r ∈ Z corresponds to the U(1) R symmetry of the SU(2, 2|1). (s, l) takes both integers or both half-integers. The U(1) R-charge r is restricted to the range of |q + r| ≤ 2s and |q − r| ≤ 2l with a certain integer |q| ≤ 2 depending on the spin of the KK field. As observed in [8, 9] , all the KK spectra of type IIB supergravity have eigenvalues related to the scalar Laplacian (C.1) with shifted arguments. To utilize this fact, we introduce the following notation
In the following tables (4) (5) (6) (7) (8) (9) (10) (11) (12) , we present all the KK spectrum on AdS 5 ×T 1,1 classified by the highest weight representation of SU(2, 2|1). In the tables, we attached labels C (chiral) and S (semi-long) that indicate possible multiplet shortening for a specific choice of (s, l, r) (see the discussion below). Short representations with ♦ (and their SU(2, 2) descendants) will contribute to the index as reviewed in appendix B.
To obtain relevant multiplet shortenings, we need a specific choice of (s, l, r) so that one of B.1 vanishes [8, 9] . This happens when 16
To see this, we first note that we demand H 0 + 4 to be a perfect square of a rational number in order to obtain any BPS saturated states contributing to the index. By setting s = k 2 + n 1 , l = k 2 + n 2 and r = k with (n 1 , n 2 ) ∈ Z, this means [2(n 1 + n 2 + 1) + 3 2 k] 2 + 2(n 2 1 + n 2 2 − 4n 1 n 2 − n 1 − n 2 ) (C.6) 16 There is an additional possibility: j = l = r−2 2 for vector multiplet III.
should be a perfect square of a certain rational number. 17 We can further reduce the number of relevant states for our index computation by requiring that they satisfy the BPS condition E = 2j 2 + 3 2 r. Under the BPS condition, the left hand side of (C.6) should be ( 3 2 k + c) 2 with |c| ≤ 4. Accordingly, possible quantum number is restricted to (C.3),(C.4),(C.5).
The states contributing to the index are • −(r + 1) 2 semi-long multiplets from Graviton Multiplet , where the signature in front of the multiplicity denotes the statistics of the corresponding SU(2, 2) highest weight states that contribute to the index. 17 One obvious way to obtain KK states with rational AdS energy is to require that the last parenthesis in (C.6) vanishes [10] . The Diophantine problem
was solved by any consecutive numbers {0, 0, 1, 5, 20, 76, 285, ...} generated by
Of course there are infinitely many other possibilities to obtain rational AdS energy. E.g. k = 0, n 1 = 3, = n 2 = 4 gives one example not generated by the above series.
Graviton Table 4 : (1/2, 0) E 0 + 3/2 r + 1 ψ Table 9 :
Vector Multiplet II E 0 = 4 + √ H 0 + 4 (j 1 , j 2 ) E R field (1/2, 1/2) E 0 + 1 r B µ (1/2, 0) E 0 + 1/2 r − 1 ψ 
